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FOUNDATION Place of Learning and Scientific Mental Aptitude
CENTER OF MASS

CENTRE OF GRAVITY AND CENTRE OF MASS

Centre of gravity of a body is defined as the point where the whole weight
of the body can be supposed fo aet,

The centre of mass of a body is the point where the whole mass of the
body can be supposed to be concentrated.

In a uniform gravitational field, the
centre of mass and the centre of gravity
cotncide.

THE CENTRE OF MASS OF A TWO-PARTICLE SYSTEM

Consider a system consisting of two point masses (particles) m, and m,
whose position vectors at a time ¢ with reference to the origin O of the inertial

— —& .
frame are r, (t) and 7 (1) respectively

— z
The total force (F, ), acting on the point mass m, comprises of two parts :

(i) A force (F, ),,, which is due to some agency external to the gystem.

(i) A force I-'_‘l; due to point mass m,. This force is an internal force of the
Bystem.
= =} =
tFl .:'mg=F]2 +fFj_ }ﬂ-;_ ...{1]’
Similarly, for the point mass m,

— —3 —
(B otat = By + (B Do .(2)

Now, the equation of motion of point mass m,, on the basis of Newton's
second law of motion, is

d T

E Irmlul )=(F Yotal A3)
Similarly, for point mass m,

d — =+

& (myuy ) = (E pgar ol d)
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Adding (3} and (4}, we get

-+ d -+ ki S (L.
A tigwy 1+ Erﬂmxuzll=fﬁ}wlﬁ+!ﬂl

Terbaal
2 -
d.t tmgy + Mg
Fromiliang 2},
o

T - =¥ =3
g imyp, +mawy ) =Fy+ (Fi L * By +UE L,

-3 . =
L] = 1'?I lII'|:-'r|'|' +1 FE Vistat

g
But F-‘;, =—F,, (Newton'sthird law of motion)

— -4 =3 —
dt ey +main ) =(F) Ly +(F gy
d =" —5
or dt imyp + Mgy )= F’

.AB)
where F is the total external force. It is given by

= —
_l‘:': ={ Fl ;li.'J.'i' + rE,a ]”r_

i
It may be pointed out here that (F, ), and ( f‘; ), act at different points
of the system. But they are being added as free vectors.

— —
The veloeity vectors are given by u_': = i:l and E; = i—’r;' 1
- r3d T
—* [
Now, myuy, +mgwy =y an + My aad'
3 d
= ;ft '“]‘11 .r']. V4 ri:- {mi_’;}

= —F
I:i,tl:m,,nj & My h )

From equation {5}, F = :; (ml?,’ + mi?}zl

2 - —

= d* | myn+nmun
or F=M N B
dt* M

This equation is clearly the equation of motion of a hypothetical object of

-
mass Mi= m, + m,). Its position at any time is given by pesition vector R (f)
such that

ﬁff}: my i+ my i)

oo L e LB}
My + My

=4
The point whose position is defined by R (t) is called the centre of mass of
the two-particle svstem.
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CO-ORDINATES OF THE CENTRE OF MASS

W kaow that § = TR e T
- M

Let (x, y, z) be the co-ordinates of the centre nt':_'na.sa of the system. Lat
(X4, ¥4 21)s (%2, Y2, Z2), veens (X ¥y 2,) be the co-ordinates of the n- e

system.
A 1 A Lt
ThenX? +¥j +E£ =M [mgx, @ + myyy J "'mlzla + Mgty

5
I

i A L £
+mﬂ'3"2j +m:|2'2£ Fooare ¥ MgX, 1 + M¥e J + M2, ]

b
+m.y,) J

ﬁ [(myx; +mgxs + ... + 1,2,) T +(myy +mgyg + e
+(myzy + MoZg + o +M,2,) k]

Fa)
Comparing coefficients of |, j and k, we get

n
I =
X = LX) + MgXy +.0iees FMpXy _i=1 mi,i'_
M M '
V.= T Tt e My .‘E.‘- e
M M
a
7= M2y + MoZa +..eee + Mz, 55_1_ _mfz"
M M

MOMENTUM CONSERVATION AND MOTION OF CENTRE
OF MASS

The equation of motion of centre of massis: F = i [M? )
where F is the net external force acting on the system, M is the mass of the
system and V isthe velocity of the centre of mass of the system.

If no external force acts on the system, then F = 0.

& o
dt MV)i=0
| - Differential coefficient of a constant quantity is zero,
- MYV = constant A1)
= o =
or mity +myty + ...+ m, U, =constant w2

It is clear from equations (1) and (2) that if no external force acts on
the system, then the total momentum of the system is constant. This is
law of conservation of momentum,

It is further clear from equation (1) that . V =constant (- Mis constant.)
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EXAMPLES OF MOTION OF CENTRE OF MASS

(1) Consider the spontaneous decay of a radicactive nucleus P into two
fragments. The parent nucleus P was initially at rest (Fig. ). The decay is
caused by the internal forces of the system. So, the centre of mass of the decay
products continues to be at rest. Since no external force acts on the system,
therefore, momentum iz conserved. The centre of mass has zero momentum
toth before and after the explosion.

After the explosion, the lighter and the heavier fragments L and H
respectively move in opposite directions, The lighter fragment has a
oroportionately larger speed than the heavier mass.

(2) Consider the case of a projectile which explodes in flight. The foree of
gravity continues to act on the total mass of the projectile (now scattered into
“rngments), The centre of mass of the fragments continues along the parabolic
rrajectory, It is the same as was followed by the intact projectile. This idealised
Ulustration will be altered somewhat by the presence of air resistance, The air
~esistance is larger for irregularly-shaped frogments than for the projectile.

In this illustration, the forces of explosion are all internal forces, These
forees are exerted by part of the system on other parts of the system. These
forces may change the momenta of all the individual fragments from the values
they had when they made up the projectile. But the internal forces cannot
change the total vector momentum of the system. It is only the external force
= hich can change the total momentum of the system. In the given problem, the
snly external force is that due to gravity . The change in the total momentum
= the svstem due to gravity is the same whether the shell explodes or not,

13) Consider the Earth-Moon systemn. Both the Earth and the Moon move
= circles about their centre of mass, always being on opposite sides of it. The
sentre of mass moves along an elliptical path around the Sun. The forces of
sttraction between Earth and Moon are internal to the Earth-Moon system. On
the other hand, the Sun's attraction of both Earth and Moon are external forces.

(4) An axe is tossed between two performers and rotates as it travels. The
sarabolic path of the centre of mass (represented by the dot on the axe) is indieated
=+ the dashed line. A particle tossed in the same way would follow that same
path. No other point on the axe moves in such a simple way

(5) A missile containing three warheads follows a parabolic path. An
sxplosion releases the three warheads, which travel so that their centre of
=azs follows the original parabolic path

Spontaneous decay of a

radioactive nucleus

of mass

Motion of centre of mass of

exploding projectile

M
Canire

o,

Centre of mass of Earth-
Moon svatem

of mass
Exploding missile

PLASMIA: F-13/5 SREET NO.1, NAFEES ROAD, JOGABAI EXT, NEW DEL HI-110025.Ph-011 26988514 Wl
DR EHTESHAM - 9350005771



L. Two particles of masses 3 kg and 1 kg
are located at (- 61 +4J -2k) and (2] +5J + 13k)
respectively. Locate the position of centre of mass.

Solution. MR =m,n +mqn

or AR =86 +4j —2k)+ 127 +5/ +13k)
o AR = -16i +17F +Tk

— M Fa3
o R=-u+-‘fj+}iq

2. Find the centre of mass of a triangular
lamina.

Solution. The lamina (ALMN) may be subdivided into
narrow strips each parallel to the base (MN) as shown in
Fig. 15.186.

By symmetry, each strip has its centre of mass at its
midpeint. If we join the midpeints of all the strips, we get the
median LP. The centre of mass
of the triangle as a whole,
therefore, has to lie on the
median LP. Similarly, we ean
argue that it lies on the median
M@ and NR. This means the
centre of mass lies on the point
of concurrence of the medians,
iLe., on the centroid G of the
triangle. -

3. What are the co-ordinates of the centre
of mass of the three-particle system shown in

yim)
e
(8.0 kg, i i
24 $ % i
i ! | :
1 14,0 kot 1
I b
L} ] 1 i
3.0 kgl ) i i
) O T T
A
. I3x0+4x2+Bx1 18
Solution. r= 3+4+8 m-Em-le

xe 3+4+8 il T
4. Given : A U-shaped !
uniform wire of sides Zi, l and . The x
and ¥ co-ordinates of the centre of
mass of each side are shown in Fig.
Calculate the x and ¥ co- | =0
ordinates of the centre of mass of
wire.

Bx0ydxiebng . . 3
3

i i
m = +2m:-c'|]+mxi w1

Solution. X= m+2m +—m = :1; = 1!-
va BX0+2mxlsmx Aml
= m+2m+m T 4m
So, the x and ¥ co-ordinates of the centre of mass are
i
— 0.
(1) <

§. Two bodies of
masses m; and my (< m,) are
connected to the ends of & massless
cord and allowed to move as shown.
The pulley is both massless and
frictionless. Determine the
acceleration of the centre of mass.

-

Solution. If a is the

acceleration of m,, then —1_1‘ is the
acceleration of mj,
We know that

— — —
(my+myl 4 =myay +mgap

— e =+
or imy+mgl A =mya =Mga

or Amlm

8. A wire of uniform cross-section is bent
in the shape shown in Fig. 15.20. The co-ordinates of the
centre of mass of each side are shown in Fig. 16.20, What
are the co-ordinates of the centre of mass of the system 7

¥
E !
(3r2. 20
20410, 1) 2l 42l
i, 0 |-
0 20

PLASMIA: F-13/5 SREET NO.1, NAFEES ROAD, JOGABAI EXT, NEW DELHI-110025.Ph-011 26988514

DR EHTESHAM - 9350005771



Zm o +2mx 2+ mx§£+2m ]

o IR Y gy
3!
_m+4f+E‘E
B T T 14
Emx0+2mul+mux2 +2mxl 6ml 6l
Y= 22— = —
im m T

So, the co-ordina mdﬂmmmnfmmm[ii:.%!].i

7. A ‘T’ shaped ——p
object with dimensions shown in
the Fig. 15.21 is lying on a smooth

[

floor. A force F is applied at the ~— = al
paint P parallel to AB, such that l
the object has only the trans- |}
lational motion without rotation. c
Find the location of P with respect
to C, [AIEEE 2005]

Bolution. Since the object has only the translational
motion without rotation therefore the centre of mass of the object
is the point where the fores has been applied. So, we have to find
the centre of mass of the object.

Let us take T as the origin and CD to be along Y-axis, If
m be the mass of AB, then the masa of CD iz 2 m. The centre of
mass of AB iz at n distance 2{ from C. The centre of mass of CD
iz at a distance | from C.

Distance of centre of mass of the object from C

Zm+m dm a3

Note, This question has also been included in the next chapter
with a different solution.

B. Find the centre of mass of a uniform
L-shaped lamina (a thin flat plate) with dimensions as
shown. The mass of the lamina is 3 kg.

Solution. Yh
Choosing the X and ¥

axes as shown in Fig. Fo, 2 EFE[-;,;}

15.22 we have the

coordinates of the *G

vertices of the L-shaped o, 1 B2 1)
lamina as given inthe [~ ! T

figure, We can think of | ’

the L-shape to consists *C, | oG M

of 3 squares each of 4 : =

length 1 m. The mass of ©I0. 0) A2, 0)
each square ia 1 kg, v
since the lamina iz

uniform. The centres of

-

mass Cy, Cy and C; of the squares are, by symmetry, their
geometric centres and have coordinates (1/2, 1/2), (3/2, 1/2),
{172, 3/2) respectively, We take the masses of the squares to be
concentrated at these points. The centre of mass of the whole L
shape (X, Y) is the centre of mass of these mass points.

[01/2) + 163/2) + 11/ 2] kg m
X= 1+1+ 1 kg

[H1/2)+11/2)+ 23/ 2 kgm B
= =-m
1+1+1 kg &

The centre of mass of the L-shape lies on the line 0D,

'

We could have guessed this without calculations. Can
you tell why ¥ Suppose, the three squares that make up
the L shaped laming had different masses, How will you
then determine the centre of mass of the lamina #

9. Three identical spheres, each of radius
R, are placed touching each other on a horizontal table.
Where is the centre of mass of the system located ? Assume
that mass distribution is uniform in each sphere.

Solution. The centre of mass of each sphere is at its
geometrical centre. So, the centre of mass of the system is in
fact the centre of mass of three equal point masses located at
the vertices of an equilateral triangle ABC, Here A, B and C are
the centres of three spheres. Each side of the trisngle is 2R. In
order to locate the centre of mass of the system, we have to
choose one point, say B, as the origin. The position vector of the
centre of mass with respect to the origin B is given by

5"’1-

= E’ﬁg;{ﬂ , where M is the magss of each sphere.

o R = AIE
e A
BE =r, +np

(Parallelogram low of vectors)
The centre of mass is located at the point of intersection
of the medians of the triangle.

PLADMA: F-13/5 SREET NO.1, NAFEESROAD, JOGABAI EXT, NEW DEL HI-110025.Ph-011 26988514

DR EHTESHAM - 9350005771



~ 10, Find the centre of mass of three

particles at the vertices of an equilateral triangle. The

masses of the particles are 100 g, 150 g and 200 g

respectively, Each side of the equilateral triangle is 0.5 m
long.

Solution. With the X and ¥ axes chosen as shown in

Fig. 15.25, the coordinates of points O, A and B forming the

equilateral triangle are respectively (0, 0, (0.5, 0), (0.25, 0.25 43 ).
b

{25, 0.2583)

) 025,00 A0S0 "

Lat the masses 100 g, 150 g and 200 g be located at O, A
and B be regpectively, Then,

Jﬂi-ﬁ‘f%'fﬁﬁ
my + Mg + Mg

(100K D) + 16000.5) + 200(0.251] gm
(100 + 150 + 2000 g

75+ 50 _‘125 5
T T i T

[100(0) + 15000) + 200(0.25+3)] gm
Y= 450 E

R R
—mm-gm=mm

The centre of mass C is shown in the figure. Note that it
is not the geometric centre of the triangle OAB. -

11. Fig. 15.26 shows a simple model of
the structure of a water molecule, The separation between
atoms isd = 9.57 x 107" m. Each hydrogen atom has mass
1.0 u and the oxygen atom has mass 16.0 u. Find the
position of the centre of mass.

Solution. Nearly
the whole of the mass of
each atom is concentrated in
its nucleus, which is only
about 107 times the oversll
radius of the atom. So, we
can safely represent each
atom as a point.

The x-coordinate of
each hydrogen atom is d
(105%2) ; the y-coordinates
of the upper and lower
hydrogen atoms are + 4 zin
(105%2) and - d sin (105%2), respectively. The coordinates of
the oxygen atom arex =0,y =10,

L0uid cos 5257 +(1.0u) |
=t {d cos 52.5%) ~ f.lE.'EIuHmJ
Fem® T { 0u+1.0u+160u

=068 d = 0068 x0.5T= 107" m
=85 107" m

[cl.uuxd gin 52.5%+ (L0 w)
L w{—=d gin 52.5°) + (18.0 u) 10)
Yem ™ 10u+10u+160u

=10, 4

The centre of mass {5 much eloser to the oxygen atom
than to either hydragen atom becouse the axygen atom is much
maore massive. Notice that the centre of mass lies along the x-
axiz, which is the axie of symmetry of this molecule. If the
molecule is rotated by 180° around this axis, it looks exactly
the same as before. The position of the centre of mass cannot
be affected by this rotation, so it must lie on the axis of

Eymmelry.
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