SHM

Q1. The displacement-time equation of a

particle executing SHM is x = r sin (wf + ¢).
At time ¢ = 0, position of the particle is
x =r/2 and it is moving along negative
x-direction. What is the value of ¢ ?

Q3. A body oscillates with S.H.M., according to

the equation

x =(5.0m)cos[(2rnrad s7!) t + n/4]
At t=15s, calculate the (a) displacement
(b) speed and (c) acceleration of the body.

Ans. Att=0,x=r/2; Ans.w=2nrad/s; T=1ls; t=15s

1 .
%:rs'm# or Sil'l¢=§ (a) displacement,
o e x=(5.0)cos [2n x 1.5+ n/4]
or ¢= g or o =5.0cos (3n+n/4)
ax o =-50cosn/4
Velocity, =~ =rwcos(wf+¢) =-5.0 x 0.707
Att=0,v=rwcosd =-3535m
2 Ea.t'ui uss—n- E o dx
RIS CORG WA e (b) velocity,v= =
5n
As,visnegative att =0, g mustbe - rad. ==5.0 x 2nsin (2n t + n/4)
. X =-5.0x2x sin (2n x1.5+ n/4)
A cle is execu S.H.M. given
Q2. A parti ting svenby =50x%2nxsinn/4

5 [2ﬂ+¢]
X =0008|
T 250 %2 x 2 40707

The period of vibration is 20 s. At t =0, the 7
particle is displaced +2 units. Determine =22.22 ms™.
(i) its initial phase and

(ii) the phase angle corresponding to
displacement of +3 units.

do
(c) Acceleration A = a

n
- 5.0 x 4n? cos [Zﬂ +;)
n
—50x4x [%]zm[hxl.5+1]

22 ¥
50x4x [—) x 0.707

2nt
Ans. Given, x aﬁcm[?+¢];
(iyWhen t=0,x=+2 units,

[2#’xﬂ+¢]
2=5cos T

2
or cus¢=g=ﬂ.4=cm66.4'

7
= 139.56 ms™.
Q4. Show that when a particle is moving in

or b = 66.4° S.H.M,, its velocity at a distance /3 /2 of its
It amplitude from the central position is half
(i) 3 =5co0s [_T_ +¢] its velocity in central position.
V3
2nt 3 ==
or c@[*‘:r—+¢]= §=ﬂ.6:¢as5143° Ans; Eiete, y 2 "
3¢ wa v,
2t - - s I B 4 N
.. Phase angle = (?’+¢]= 51.3° UV =aya-y T

PLADMA : F-13/5 SREET NO.1, NAFEES ROAD, JOGABAI EXT, NEW DELHI-110025.Ph-011 26988514 [
DR EHTESHAM - 9350005771



SHM

Q5. A partivic . mc. iy in S.H.M. in a straight

line. When the distance of the particle from
equilibrium position has values x, and x,,
the corresponding values of velocities are
u, and u,. Show that time period of vibration

so w = o'a? - ol x} ..fi)
and 12 = ol - o, ...(ii)
Subtracting (ii) from (i),

-y =0 x-x1)
4
o ui-wg = (G-x)

x3-xi o

or T=2n HIE = I-t%

A particle moving with 5.H.M. in a straight
line has a speed of 6 m/s when 4 m from
the centre of oscillation and a speed of 8 m/s
when 3 m from the centre of escillation. Find
the amplitude of oscillation and the
shortest time taken by the particle in moving
from the extreme position to a point mid
way between the extreme position and the
centre.

Ans. v =0 (P - Y

(@) 6% = a? (P~ 4%)
“(id) 8% = w¥(r? - 3%

E N r’-9
= 36 ~ r*-16
On solving, r=+5mand o =25~
For the given displacement, x = %
As x =rcos ol

-;- = rcos 2t

1 L

or cos 2t = 5 = COS 3
or =n/65

Q7. Maximum velocity of a particle in SHM is

10 cm/s. What is the average velocity
during motion from one extreme position
to other extreme position?

Ans. Max. velocity, v, =ro=r2n/T ..fi)
total displacement
Avg.vel. = total thme
2r  4r Uy
=73 74 2]
[from (i)]
20, 2x10 20
S et =“_,cnw‘.ts.

Q8. Two particles execute SHM of the same

amplitude and frequency along close
parallel lines. They pass each other moving
in opposite directions, each time their
displacement is half their amplitude. What
is their phase difference?

Ans. InSHM, x=rsin(wt+¢) *

3 dx
velocity, v = dt:rmcusl_‘mHﬂ
At t=0, x=r/2; then

r
E = rsind
TN R
or sm¢-2-smﬁ or sin 5
L.
¢=¢ or .
F t _'_r_ {
r=0 &= 3 r=r

If = n/6, displacement and velocity both
are +veat t =(0. When ¢ =5 n/6, displacement
is +ve and velocity is —ve. Therefore,
displacement-time equations of two
parﬁcles will be

x, =rsin (ot +1/6)

x, =rsin (ot +5n/6)

., Phase difference
ot nm 4n 2n
Ll e b el
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Q9. A particle executes S.H.M. of period 8 s. which is less than 2 seconds.
After what time of its passing through the Therefore, the clock gains time. Time gained
mnpo&iﬁnnwﬂlbeenerg}'behal!kimrﬁc 02
and half potential? in 2 seconds = 7058
Ans. Given; P.E. =KE.ie Total time gained in 1 day (=24 x 60 x 60 s}
1 1 0.2 24x60x60
Emoﬂfzimm*{a’-—yz} =T0% 3 -564s.
or y=a-y Q11. A spring compressed by 0.1 m develops a
ie. y=a/3 : restoring force 10 N. A body of mass 4 kg is
Now y =asin @t =asin (2 n/T) t. placed on it. Deduce (i) the force constant
So B _”jnzﬂm of the spring (ii) the depression of the spring
a/ under the weight of the body (take g = 10
- mt n N/kg) and (iii) the period of oscillation, if
L T J‘ sin the body is disturbed.
xt =n Ans. Here, F=10N; Al=0.1m;m=4kg.
or — =7 or I=1s
4 4 ; ¥ .
Q10. A pendulum clock normally shows correct ® k= AT 017 100 N m
time. On an extremely cold day, its length mg  4x10
decreases by 0.2%. Compute the error in (i) y=—3 ="7po “04m
time per day. 2 [T
Ans. The correct time period of pendulum clock (iii) T= IJ:JE =2x — =126s.
is 2 seconds. Let L be its correct length. k 7 V100
L Q12. A body of mass 12 kg is suspended by a
2-21\*“(_ ool coil spring of natural length 50 cm and force
constant 2.0 x 10° Nm™'. What is the

02 2 stretched length of the spring? If the body
Decrease in length =0.2% = li}:] is pulled down further stretching the spring
to a length of 5.9 cm and then released, what

gthvafterconteaction, is the frequency of oscillation of the
i L-EL L[hE] suspended mass?
100 (Neglect the mass of the spring).
Newhmepenﬂdtwﬂlbe Ans. m =12 kg; original length [ = 50 cm;
k=2.0x10° Nm™.
J =2n 1"_-] As F=ky
Diving (ii) by (i), . _ £= mg 12x9.8
VT T T a0’
¢ 1 02 V2
2 =" 100 =59x%102m=>59cm
. 0.2 Y2 . Stretched length of the spring =+ y
or  t=2{1"750 =50+5.9 =559 ¢m
=2 [1_%x%+ ] an.uqa.w:ﬂ-::}»r of oscillations, v =
' 0.2 LI L ||2:-':1IJ3I
or [2‘ﬁ] 2:: m 2x314
=2.06s"
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Q13. Infinite springs with force constants k, 2k,
4k and 8k.... respectively are connected in
series. What will be the effective force
constant of the springs, when k= 10 N/m.

Ans. When springs are in series, the effective

force constant k is given by
3 Lokl o
S R AR TR
1 1.1 1
== |1+t =+—+
'k[ 2 2y ]
_i[% 2
=K1 %k
2
k 10
or K=E=T=5me

Q14. A spring has spring constant k= 15N /cm.
Itis cut into 3 equal parts, which are joined
in parallel. What is the spring constant of
the combination?

Ans. Let k be the spring constant of each of the
three parts into which the spring is cut. As
initially these three parts of spring are
connected in series, so

1 1

K™F
or k=3K
When these three parts of a spring are
connected in parallel, the effective spring
constant K’ is given by
K'=k+k+k=3k=9K=9x15=135N/cm.

Q15. A tray of mass 12 kg is supported by two
identical springs as shown. When the tray
is pressed down slightly and released, it
executes S.H.M. with a time period of 1.5 s.
What is the force constant of each spring?
When a block of mass m is placed on the
tray, the period of S5.H.M. changes to 3 5.
What is the mass of the block?

m

-

1
+—=
k

ol I
| w

12kg

Ans. Let k, be the force constant of each spring,
The total force constant of the system,
K=k +k, =2k

m
T, = 2%, =,

o Arm_4x(22/7)x12
T % sy

K 211

- — I em— = =1
k= Nl 1055 Nm

=211Nm!

Totalmass, M=m+m'=m+ 12

m+m
'1‘2=2:: 7
ant(m+m’)
or K= Tg
aem’  Ant(m+m)
T T T
T?-
or m=_a m-=m
1
31

= “ 5]1 x12-12=3-ﬁkg

Q16. Two point masses of 3 kg and 1 kg are
attached to opposite ends of a horizontal
spring whose spring constant is 300 Nm™'.
Find the natural frequency of vibration of

the system.
1kg 3kg
Ans. The reduced mass of the system,
mp¥mhy  3x1 3
m=

my+m, = 34174 K8

3
So inertia factor=m= — kg.

4
Spring factor, k = 300 Nm™.

1 [spring factor
Frequency, v= 2n \inertia factor

1 300
= 2x(22/7) \(3/4)
= 3.2 Hz.
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Q17. The vertical motion of a huge piston in a
machine is simple harmonic with a
frequency of 0.50 s™'. A block of 10 kg is
placed on the piston. What is the maximum
amplitude of the piston’s S.H.M. for the
block and the piston to remain together?

1 (k

Ve o =

2rn Y m

k=4n?m v?
For maximum displacement, y,_ . =a.
Maximum restoring force, F = —ka = -mg.

e mg

Ans, As

o =% animv?: Aniv?
0.8
” =0.99m.
4x(3.14) x(0.50)% i

Q18. A simple pendulum with a brass bob has a
time period T. The bob is now immersed in
a non viscous liquid and oscillated. If the
density of the liquid is 1/9 that of brass,
find the time period of the same pendulum.
Ans. Let V be the volume and p be the density of
the brass bob.
Mass of thebobm =Vp
and weightofbob=V pg.
Buoyancy force of liquid on bob
=V(p/9)g=Vpg/9
The effective weight of bob in liquid
=Vpg -Vpg/9=8Vpg/9
. Acceleration,
, 8Vpg/9 B8Vpg/9 8g
3‘ = m = Vp = g

Time period of the bob
- 21:F=2: 2
g Y(Bg/9)
.3 3T

= 2% |—x
g

B= 8

Q19. A man stands on a weighing machine
placed on a horizontal platform. The
machine reads 50 kg. By means of a suitable
mechanism, the platform is made to
executive harmonic vibrations up and
down with a frequency of 2 vibrations per
second. What will be the effect on the
reading of the weighing machine? The
amplitude of vibration of platform is 5 cm.
Take g = 10 ms™'. _

Ans. Here, m=50kg, v=2s",a=5cm=0.05m
Max. acceleration, a__ = o’

=(2 n v} a =dn*vha

=4 x [‘?]’ x (2)2 = 0.05

=7.9 ms?
.. Max, force on the man
=mig +a_,)=50(10+779)
=895.0 N = 89.5 kgf.
Min. force on the man
- l'.l‘ll:g - ‘m»}
=50 (10-7.9) = 105.0 = 10.5 kgf.

Hence the reading of the weighing machine
varies between 10.5 kgf and 89.5 kgf.
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SHM

Q20.0n an average a human heart is found to beat
75 times in a minute. Calculate its frequency
and period.

Sol. The beat frequency of heart =75/(1 min)
=75/(60s)
=125s"
=125Hz
The time period T =1/(1.25s7)
=08s

Q21.Which of the following functions of time
represent (a) periodic and (b) non-periodic
motion? Give the period for each case of periodic
motion [ @ is any positive constant].

(i) sin ot +cos wt
(i) sin wt + cos 2 ekt +sin 4 ot
(iti) e
(iv) log (at)
Sol. (i) sin @t + cos of is a periodic function, it
can alsobe written as /2 sin (ot +n/4).
JZ sin (ot +x/4)= 2 sin (ot +1/4+27)

= J2 sin [ (¢ +2n/0) + n/4]

The periodic time of the function is 27/ .

This is an example of a periodic motion.

Each term represents a periodic function

with a different angular frequency.

sinwt has a period T = 2n/w ;

cos 2 wt has a period n/w =T,/2; and

sin 4 wt has a period 2n/40 =T, /4.

The smallest interval of time after which

the sum of the three terms repeats is T,

and thus the sum is a periodic function

with a period 2n/w.

The function e is not periodic, it

decreases monotonically with increas-

ing time.

The function log(@t) increases mono-

tonically with time ¢. It, therefore, is a

non-period.< function.

Q22.Which of the following functions of time
represent (a) simple harmonic motion and

(i)

(iif)

(iv)

(b) periodic but not simple harmonic?
Give the period for each case.
(a) sin ot —cos ot  (b) sin® i
Sol. (a) sin wf - cos wt
= sin ot —sin (/2 - wf)
=2 cos (n/4) sin (wt-n/4)
=2 sin (0t - 7/4)
I'his function represents a simple harmonic
motion having a period T =2n/ wand a phase
angle (-n/4) or (7n/4)

(b) sin® wt =% -%cos 2 ot

The function is periodic having a period
T =n/ . Italso represents a harmonic motion
with the point of equilibrium occurring at %2
instead of zero.

Q23. Figure given below depicts two circular motions.
The radius of the circle, the period of revolution,
the initial position and the sense of revolution
are indicated on the figures. Obtain the simple
harmonic motions of the x-projection of the
radius vector of the rotating particle P in each

y YiP(t=0)

Sol. (a) At t =0, OP makes an angle of 45° == /4
rad with x-axis. After time , it covers an angle

‘_?_;t in the anticlockwise sense, and makes

an angle of ?T—HHE- with the x-axis.
The projection of OP on the x-axis at time ¢ is
givenby,
2n, =«
B=A i i
x (b cus(T t+4]
ForT=4s,
2n. n

=A okt —
x(t) cos (TH-J
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SHM

which is a SHM of amplitude A, period 4 s,

and an initial phase = E
(b) Inthiscase, at t =0, OP makes an angle of 90°

= _2’£ with the x-axis. After a time ¢, it covers

an angle of 2?"} in the clockwise sense and

makes an angle of [E-%-tjhdthﬂmr-am

The projection of OP on the x-axis at time t is
given by

2
x() = B cos E--—-tj
(= [2 -

2n
= B si t
sm[,l_ )
FO[‘T =3D51

x(t) = B sin [%r]

% (8)=Bcos [lf_E)
15 2
This represents a SHM of amplitude B, period
30s, and an initial phase of - .
Q24.A body oscillates with SHM according to the
equation (in SI units),
x=(5)cos [2xt + m/4].
At t=1.5s, calculate the (a) displacement, (b)
speed and (c) acceleration of the body.
Sol. The angular frequency wof the body = 2n 5!
and its time period T=15. Att=1.5s5,
(a) displacement
=(5.0m) cos [(2ns™!) x1.55 + n/4]
= (5.0 m) cos [(3n + n/4)]
==5.0 2 0.707 m
=-3.535m
{b) v(t) = —wA sin (of + ¢)
=~ (5.0 m)(2rn s") sin [(2n s7Y) x1.5 5 + /4]
= — (5.0 m)(2n 57!} sin [(3n + n/4)]
=10n x 0.707 m 57!
=22ms!

(© a(t) =—w’x (1)
=—{(2n s7')* x displacement
==(2n 57!y x (-3.535 m)
=140 ms™

Q25.Two identical springs of spring constant k are
attached to a block of mass m and to fixed

supports as shown.

umn muu i
._...mj‘ ot ; L I:_:

Show that when the mass is d:spfnr,ed ﬁ'am its
-equilibrium position on either side, it executes a
simple harmonic motion. Find the period of
oscillations.
Sol. Let the mass be displaced by a small distance
x to the right side of the equilibrium position,
as shown.

The spring on the left side getselongated bya
length equal to x and that on the right side
gets compressed by the same length. The
forces acting on the mass are then,

F, = -k x (force exerted by the spring on the
left side, trying to pull the mass towards the
mean position)

F, = —k x (force exerted by the spring on the
right side, trying to push the mass towards
the mean position)

The net force, F, acting on the mass is,

F =-2kx

Thus the force acting on the mass is
proportional to the displacement and is
directed towards the mean position;
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SHM

therefore, the motion executed by the mass is
simple harmonic. The time period of
oscillations is,

|'m
=Tx |—
T=2n %

Q26. A block whose mass is 1 kg is fastened to a
spring. The spring has a spring constant of
50 N m~. The block is pulled to a distance
x = 10 cm from its equilibrium position at
x = 0 ona frictionless surface from restat t = 0.
Calculate the kinetic, potential and total
energies of the block when it is 5 cm away from
the mean position.

Sol. The block executes SHM, its angular

frequency is

-1
m:ﬁ:; m—m- =707 rad g
m 1kg

Its displacement at any time ¢ is then given
by,
x(t) = 0.1 cos (7.07¢)
Therefore, when the particle is 5 cm away
from the mean position,
0.05=0.1 cos (7.07t)
Or cos (7.07t) = 0.5 and hence
sin (7.07¢) = B _ o866
Then the velocity of the blockat x=5cm is
=0.1 % 7.07 x 0.866 m g7
=0.61 ms™!
Hence the K.E. of the block,
=Yoamv?=Y[1kg x (0.6123ms7!)?] =0.19]
The P.E. of the block,
=1kt =15(50 N m™' x 0.05 m x 0.05 m)
=0.0625]
The total energy of the block at x=5em,
= KE +PE. =025]
At maximum displacement, K.E. is zero and
hence the total energy of the system is equal
to the P.E. Therefore, the total energy of the
system,

=¥50Nm'x 0.1mx0.1m)"

=025]

Q27. A 5 kg collar is attached to a spring of spring
constant 500 N m!. It slides without friction
over a horizontal rod. The collar is displaced
from its equilibrium position by 10.0 cm and
released. Calculate

{a) the period of oscillation,
(b} the maximum speed and
(c) maximum acceleration of the collar.

Sol, (a) TEETI:J%
=2n ﬂg‘“ﬁ
\ 500 N m

=(2x/10) s
=0.63s
(b} v(t) =-Awsin (at + )
vo.= Aw

IR

i

500 N m™

=01= Ske

=lmg?!

and it occursatx=0

(c) a(f) = -ox(t)

- _.E x{”
m
Therefore the maximum acceleration is,

. =o'A

500 Nm™

= —Skg—

Q28. What is the length of a simple pendulum, which
ticks seconds ?

Sol. '1"=21:JE
L

The time period of a simple pendulum, which
ticks seconds, is 2 s.

| 2
L=9,Bm5 xds o

4r?

x01m =10ms?
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Q29. For the damped oscillator shown, the mass m of
the block is 200 g, k = 90 N m™ and the
damping constant bis 40 g 5™

Calculate

{a) the period of oscillation,

(b) time taken for its amplitude of vibrations to
drop to half of its initial value and

{c) the time taken for its mechanical energy to
drop to half its initial value.

Sol. (a) km = 90x0.2 = 18 kgNm™ = 18 kg? s
Jkm = 4243 kg s, and b=0.04 kg s
Therefore b is much less than km . Hence

Q30. A particle is in linear simple harmonic
motion ¥etween two points A and B, 10 cm apart. Take
the direction from A to B as the positive direction and
give the signs of velocity, acceleration and force on the
particle when it is

(i) attheend A,

(i) attheend B,
(iff) at the mid-point of AB going towards A,
(iv) at 2 cmaway from B going towards A,

(v) at3cmaway from A going towards B, and
(v) at 6 cmaway from B going towards A.

Sol. SeeFig..
A | Cc B
L & 3

10cm

- -
* L

() At the end A, velocity is zero ; both
acceleration and force are +ve, i.2.,
towards AB.

At the end B, velocity is zero ; both
acceleration and force are negative, i.e.,
towards BA.

At the midpoint of AB, i.e., at C going
towards A velocity is negative whereas
both acceleration and force are zero.

At 2 cm away from B going towards A,
velocity, acceleration and force are all

(i)

(i)

(iv)

A it negative.
e tmepesiod Logwny (v) At3cmaway from A going towards B,
T=2n JE all the quantities are positive.
. (vi) At6cm away from B going towards A,

- 0.2 kg
ONm?

velocity 1s negative ; both the acceleration

and the force are positive.
=03s Q31. Which of the following relationships
In(1/2) 0693 between the acceleration a and the displacement x of a
® Tz = b/ zm} o T 2x200s =693 s particle involve simple harmonic motion.
(i) a =0.7x
1 - (i) a =-200x
E(t)==k A% gH"/™
o Sl i (i) a =-10x
E(1,))/E(0) = exp (-bt,,/m) (iv) a =100,
Or A = e (-0l ,0m) ° Sol. () @ =07x
In(1/2) = ~(bt,,/m) Comparing it with relation of acceleration
) _ 0.693 %200 with the displacement in SHM
C)r !‘.I.-'E -mgﬁ-l g’: 344‘65 a =‘fJ:|2x
We find that the motion is not SHM.
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(if) a =-200 x*
This motion is also not a SHM for the same
reason,

{iif) a =-10x
This is a SHM.
{iv) a =100 x*

This equation does not represent a SHM.

Q32.  The motion of a particle executing simple
harmonic motion is described by the displacement
function

x(t) = Acos(ot +d).

If the initial (t = 0) position of the particleis 1 cm
and its initial velocity is w cm/s, what are its amplitude
and initial phase angle ? The angular frequency of the
particle is n 571, If instead of the cosine function, we
choose the sine function to describe the SHM : x = B sin
(et + o), what are the amplitude and initial phase of
the particle with the above initial conditions.

Sol. Given x(t) = Acos (wt +9) i)

Att =0,x(0)=1cm

(EJ = wcm/s.
att=0Q

dt
A =2
From (i) and given values at{ =0
We have,
1 =Acos(ox0+¢)
= Acosd =1 .{if)
Differentiating equation (i), we get
= % =-Awsin (ot +¢)  ..(i)
Putting the initial condition value in (i)
ie w =-Aosin(ox0+d¢)
= Asing =- .{iv)

Squaring equation (if) and (iv) and adding,
Alcos? ¢+ Alsint ¢ = (1) + (-1)
= At =2

= A =412

= A = +42 lNeglecting—vevalue]

Dividing equation (iv) by (if)
Asmt ._1
Ar.:ns¢ =

Fur.t=ﬂmn[mt+n} «(A)

atit=0,x=1

= 1 =Bsin({wx0+a)

= 1 =Bsina @)

Differentiating (A) w.r.t ¢

v = :—::Bmms(mhu}

Applying initial conditions

ie. att=0,v=0cm/sec.

o =Bwcos(wx0+a)

1 =Bcosa
uaring (4} and (b) and adding, we get
Bcos’ o + B2 sinfa = 12 + 12

B =32

B = +J2

B=+2 |[Negler:tmg—vevalue]
Dmding equation (a) by (b)
1 Bsina
1 = Beosa

K __OSK
1”4
Q33. A spring balance has a scale that reads from
0 to 50 kg. The length of the scale is 20 cm. A body
suspended from this balance, when displaced and
released, oscillates with a period of 0.60 s, What is the
weight of the body?
Sol. We know that the time period of
oscillation of a loaded spring is given by

m
T =2ﬂJ;

Tk
or m = 411 «.,.{:I}
When a mass of 50 kg is put on the spring, it
extends to 20 cm (equal to the length of the scale),

ie.,

-3
:mmt-—l:: $= T =2

(b

10U bRy

= o=

50xg = kx20ecm=kx02

50 x 9.8
" N/m.
k ia

T =0.60s (given)

and
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Substituting the values in equation (i), we get
_ (0.6)° x50%9.8 :
34
T02x4x(3.142) kg
. Weight of the body w = 22.34 kgf Ans.
Q34. A spring of force constant 1200 N/m is
mounted on a horizontal table as shown (Figure). A
mass of 3.0 kg is attached to the free end of the spring.
The mass is then pulled sideways to a distance of 2.0
cm and released.
(i) What is the frequency of oscillation of the
mass?
(i) What is the maximum acceleration of the
mass?
(iif) What is the maximum speed of the mass?

Sol. (i) The frequency of oscillation is given by
1 k
N

2n
Here, k= 1200 N,.u"mandm 3.0 kg.

fl'lﬂ-[l 1 ==
=2V 30 T n =
= §=3.]E=3.2f5.
2n

The frequency of oscillation of the mass is 3.2/s.

Ans.
(if) The maximum acceleration

k k
L S ';lxtmx=;ﬂ'-

Here, A, the amplitude of the oscillation is 2.0 cm
=20x 10?2 m.

|8 |y = S5 X20%107

= 8.0 m/s? Ans.
(iif) Since displacement is given by
x(f) = A cos(ot +9),

Velocity, v = % =—Aw sin(ot +¢)

—-AJ_Bm{mt+¢}
0 = AJ;

[ for max value, sin (ot + ¢) = 1]

o [1200
=20x107% x |-=—
i

=040 m/s
The maximum velocity is 0.40 m/s. Ans.
Q35. In ©Q34. whatis
(a) the speed of the mass when the spring is
compressed by 1.0 cm,
(b) potential energy of the mass when it
momentarily comes to rest,
(c) total energy of the oscillating mass 7
Sol. (a) The speed of the mass is given by

U= ||AZ "'I:
Here, A=2em=002m,x=1.0cm=001 m
k 1200
= .= =20
u * \{; 30 /s

. The speed of the mass when the spring is
compressed by 1.0 cm = 20 % ,J(0.02)? —(0.01)*

= 20x ,fA-1x107 =020x+/3

= 0.35 m/s. Ans.

(t) The mass comes momentarily at rest at
the extreme position, i.e.at x=0.02 m.

= The potential energy = % x k x x?

= % x 1200 x (0.02)?

= 0.24]. Ans.

(¢) The total energy = %mv’ +%h2
At the extreme position v =0 and x = 0.02.
». The total energy = -xmt:cxcuuzzu*
-u.zn].tm.
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Q36. Figures (Figure) below correspond to two
circular motions. The radius of the circle, the period of
revolution, the initial position, and the sense of
revolutions (i.e. clockwise or anticlockwise) are
indicated on each figure.

r
(a) (k)

Obtain the corresponding simple harmonic
motions of the x-projection of the radius vector of the
revolving particle P, in each case.

Seol. (a) When we drop a perpendicular on
the X-axis of the circle from the position of the
particle marked t =0, we get x = 0 and, therefore,
the initial phase ¢ = 0. Further, as t increases, the
particle moves toa position towards leftsay to P,.
Now, when we drop the perpendicular on to the

X-axis, we get negative value of x. Also, since the

radius of the circle is 3 cm, the amplitude of the -

SHMis3cmand w= %1_,—:=2Tﬂ=m’5.

Thus, equation of simple harmonic motion is
x= Asinot

= -3 sinnt. (where ¥ is in cm). Ans.
(b)Here A=2m, T=4s

o2 2n_w/2
= W T g
and ¢ =3n/2.
? x =Asin(ot+9¢)
: . In
=2 (Et “""):-— E
5in 3 + 3 zmz"

(where x is in m) Ans.

Q37.  Plot the corresponding reference circle for
each of the following simple harmonic motions. Indicate
the initial (t = 0) position of the particle, the radius of
the circle and the angular speed of the rotating particle.
For simplicity, the sense of rotation may be fixed to be
anticlockwise in every case : (x is in cm and t is in s).

M) x= -23111(31 +§] (i) x = m[%-r)

(i) x = 3sin (2nt + 2 (o) x =2 cos .
Sol. If we express each function in the form
x = A cos{wt + ) i)
then ¢ represents the angle which the initial
radius vector of the particle makes with the
positive direction of x-axis.
(a) Comparing the general equation (i) with
the given equation x = -2 sin (3t + =n/3)

. 2m[§+3r+§),we note that A =2, o =3

Hence, the reference circle will be as shown

in Fig. (a)

(b) In this case x = I:DB(%—!]=CD5[#—EJ
[+ cos B =cos (-8)]
Comparing it with equation (i), we get
A=1,0=1and ¢=-n/6. The circle is shown
in Fig. (b).

Y &
m=3/s

P[#-ﬂf. /"\

e BRE\  x

ity ¥ 1cm "
{a)

¥
/—\_*‘ .

3'.-1:“ ‘“II x "Cﬂ-'l
Pit=0)
\"'-..._

{c) (d)
(c)Here x = 3sin[2m+ﬂ :

- 3cm[2mt+%+£)
Comparing it with equation (i), we get

hw 3 mDuand b S22, Thedinio/is

1l:
2 4
givenby Fig. (c)
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(d) Here x =2cosnt
Comparing it with equation (i), we have
A=2,o=nand $=0.
The circle is depicted in Fig. (d).
Q38.  Figure (a) showsa spring of force constant
k clamped rigidly at one end and a mass M attached to
its free end. The spring is stretched by a force F at its free
end. Figure (b) shows the same spring with both ends
free and attached to a mass m at either end. Each end of
the spring in Figure (b) is stretched by the same force F.
(1) What is the maximum extension of the spring
in the two cases 7
(if) If the mass in Fig. (a) and the two masses in
Fig. (b) are released free, what is the period of
oscillation in each case?

Fig. (b)
Sol. (i) The maximum extension in both the cases
will be F/k, where k is spring constant.
(i) Letx, and x, be the positions of the two
masses from some arbitrary point O
[see Figure (b)]. The force exerted by the
spring on the two masses are F and -F.
These two forces are equal (=kx) and

opposite.
Applying Newton’s law to the masses, we get

” n'le
dt*
Subtracting equation (if) from equation (i), we get

[dzxi _d’x, ]

2
- .{) and m% — Ky, i)

det 4
or mF{-q ~X3) ==2kx i)
The change in length of the spring
x =(x,-x)-1 .{0)

Since [ is constant, from equation (i), we have

dx d
a = af ®
Substituting in equation (iii), we get
2y
m-':—-i—+2h 0
d*x 2k
———X =
= A m 0
2k
9 m
2n m
-_=2 b
ar T - m (D)

However, in the case (), T will be given by

m
T = 2“.J: . i)

.. The periods of oscillation for cases (a) and
(b) are given by equations (vi) and (v) respectively.

Q39. The piston in the cylinder head of a
locomotive has a stroke (twice the amplitude) of 1.0 m.
If the piston moves with simple harmonic motion with
an angular frequency of 200 rev/min, what is its
maximum speed 7

Sol. Given A = Y2 m; =200 rev/min.
v = Aw =% x 200

max

[Vmax = 100 m/min |

Q40. The acceleration due to gravity on the
surface 6f the moon is 1.7 m/s>. What is the time-period
of a simple pendulum on the moon if its time-period on
the earth is 3.5 s7 (g on the surface of earth = 9.8 m/s’)

Sol. If T and T' are time-periods of a
pendulum of length [ on the earth and the moon

respectively, we have

T=1::JI and T'=21'tJI
g g

where g and g’ are the values of acceleration due
to gravit].rnn the earth and the moon respectively.

J7 orT' = TJ_
NOW,g =9.8m/s%, g =1.7m/s’and T=35s.
Subshtuhng the values, we get

prE 3.54 =8430=84s

*. The time period of the pendulum on the moon
iBBA s. Ans.
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Q41. Asimple pendulum of length l and having
@ bob of mass M is suspended in a car. The car is moving
on a circular track of radius R with & uniform speed v.
If the pendulum makes small oscillations in a radial
direction about its equilibrium position, what will be
its Hme period.

Sol. Centripetal acceleration,

2
a, = "T{- [acting horizontally]

and acceleration due to gravity = g which is
acting vertically downwards.

Effective acceleration due to gravity.

4

v

%0 = ‘32+F
Time period, T = ENJS’I
(]

» l
T =2n !—{32 A ;Rz}

Q42. A circular disc of mass 10 kg is suspended
by a wire attached to its centre. The wire is twisted by
rotating the disk and released. The period of torsional
oscillation is found to be 1.5 s. The radius of the disk is
15 cm. Determine the torsional spring constant of the
wire. (Torsional spring constant a is defined by the
relation | =—af where | is the restoring couple and 9
the angle of twist).

Sol, The time period of torsional oscillations
of a body (suspended by a wire) about its axis of
suspension can be shown to be

T=2n\E or +ua=iillﬂ i)

where | is moment of inertia of the body about its
axis of oscillation and a is the couple required to
twist the wire through unit angle. Itis also called
spring constant of the wire for torsional
oscillations (see Fig.). wyonn

==

Here T =15s,

1 1
M.I=1=5 MR?*= 5 x10 x (0.157.

Substituting the values in equation (i), we get
_ 4x(3.14)" x1x10 x (0.15)°
- 2x(1.5)
=1.972 N m/rad.

Q43. A body describes simple harmoric motion
with ant amplitude of 5 cm and a period of 0.2 5. Find
the acceleration and velocity of the body when the
displacement is (a) 5 cm, (b) 3em, (c) 0 cm.

Sol. Here, a =5cm=005m

2n  2n
T =02s; o = T =02 =10nrad/s

When displacement is y, then
acceleration, f = -0

velocity, V =g _Fz
Case (a) When y=5cm =0.05m
f =—10nP=x005=-57"m/s

V = 10n/(0.05)* ~(0.057 =0
Case (b) Wheny=3cm =0.03m
f =—(10x x 0.03=-32m/s?

V = 10x,/(0.05)* - (0.03)*
=107 0.04=042m/s
Case (c) Wheny=0, ¢ =—(10n)* x 0=0

V = 107/(0.05)% - 02

=10nx005=05nm/s

Q44. A mass attached to a spring is free to
oscillate, with angular velocity w, in a horizontal plane
without friction or damping. It is pulled to a distance
x,and pushed towards the centre with a velocity v, at
time t = 0. Determine the amplitude of the resulting
oscillations in terms of the parameters o, x, and v,
[Hint : Start with the equation x = a cos (ot + 8) and
note that the initial velocity is negative.]

Sol. x =Acos(wt+0) - %:-Amsin{mhﬂ}

When ¢ =0, x=x, and = =5,
~ Xo =Acos® (i)
v, =-Awsin
or v,/ 0 =Asinf e (i)
Squaring and adding (i) and (ii), we get
A =15/ + ]
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